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which can be used for defective structures, so it should
be possible to use these for relaxations or recon-
structions, as well as features such as surface steps.
Another approach which we intend to exploit in the
near future is to employ the Bloch-wave solutions as
the incoming wave for a multislice calculation which
should allow us to calculate very accurately diffrac-
tion effects at surface steps, for instance. Limitations
of the Bloch-wave approach aside, it does yield sub-
stantial physics, for instance the explanation of step
spot splitting described in § 5.2.
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Abstract

Direct measurements of triplet phase relationships
for non-centrosymmetric light-atom organic struc-
tures with medium-size unit cells are reported. The
phase information can be extracted from the three-
beam profiles of a Renninger y-scan experiment. The
measurements were carried out with a special ¢-circle
diffractometer installed on a rotating Cu-anode gen-
erator. The incident-beam divergence is reduced to
0-02°. The experimental results confirm the theoretical
considerations of paper I of this work [Hiimmer &
Billy (1986). Acta Cryst. A42, 127-133]. As triplet
phases of +90° can be distinguished, the absolute
structure can be determined unambiguously. The
measurements show that the triplet-phase-dependent
interference effects may be superposed on phase-
independent Umweganregung or Aufhellung effects.
By a comparison of the ¢-scan profiles of two cen-
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trosymmetrically related three-beam cases, the triplet
phases of which have opposite signs, it is possible to
evaluate the phase-independent effects and to deter-
mine the value of the triplet phase with an accuracy
of at least 90°.

1. Introduction

In paper I of this work (Himmer & Billy, 1986) the
use of -scan profiles near a three-beam case for the
experimental determination of structure-invariant
triplet phase sums was discussed in particular for
non-centrosymmetric crystal structures. The idea of
exploiting the three-beam interference to obtain infor-
mation on the X-ray reflection phases is based on the
fact that in an interference experiment the resultant
amplitude depends not only on the amplitudes of the
interfering waves but also on their phase difference
(Lipscomb, 1949; Post, 1977).

© 1989 International Union of Crystallography
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From a kinematical point of view, in a three-beam
case when the end points of two reciprocal-lattice
vectors (r.l.v.) h and g lie simultaneously on or very
near the Ewald sphere, the phase difference between
the directly diffracted wave of h (primary reflection)
and the ‘Umweg wave’ generated by the scattering
vectors g and h—g, propagating in the same direction,
is given by a triplet phase relationship:

@ =op(-h)+o(g)+e(h—g).

The experimental procedure for systematically gen-
erating three-beam cases is the so-called #-scan or
Renninger experiment. The crystal is rotated about
the scattering vector h which is in its reflection posi-
tion and a second r.L.v. g is scanned through the Ewald
sphere.

As was shown in paper I, with the aid of the
dynamical diffraction theory, scanning through the
three-beam position, the amplitude of the ‘Umweg
wave’ is continuously turned on and off and at the
same time its phase is shifted by 180° with respect to
the directly diffracted wave. This leads to characteris-
tic -scan profiles [intensity I(h) as a function of ¢]
near a three-beam position for triplet phases near
@ =0, 180, £90°. Accordingly, it should be possible
to determine the value of the triplet phase sum from
measured -scan profiles with an accuracy of at least
90°. In addition the experimental discrimination of
@ =490 or —90° allows the determination of the
absolute configuration or absolute structure (Jones,
1984). In this paper experimental results will be
reported.

2. Experimental
A. The y-circle diffractometer

It is known that the angular width of the -scan
profiles is of the order of some arc minutes. Moreover,
the intensity change due to the three-beam interfer-
ence is only a few percent, when the structure factors
involved have approximately the same magnitude.
Therefore, the measurement of such y-scan profiles
requires high precision in the angular resolution and
in the ¢-scan accuracy of the diffractometer. In any
case, one must avoid the case that the scattering vector
of the basic reflection performs any staggering motion
during the ¢ scan, ie. the scattering vector of the
primary reflection must always lie exactly on the
Ewald sphere, so it must not change its direction.

In our experimental experience exact ¢ scans are
difficult with a conventional four-circle diffractometer
(see also Mo, Hauback & Thorkildsen, 1988). There-
fore, a special -scan diffractometer has been con-
structed (Fig. 1). This instrument contains two circles
(6, v) for the detector with axes perpendicular to each
other, and four circles for the crystal motion. The
first crystal axis w is parallel to the first detector axis
(w-26 relation). Perpendicular to the w axis a second

axis for the ¢ rotation is installed. This ¢ axis bears
an Eulerian cradle with motions x and ¢. Thus an
arbitrary scattering vector h can be aligned with the
¢ axis and a ¢ scan is performed by moving only
one circle. With the v circle the detector can be moved
above or below the horizontal plane defined by the
incident beam and the ¢ axis. In this way the ¢ angle
for the three-beam position can be controlled by
measurement of the second Bragg reflection by means
of a ¢ scan.

All circles are driven by stepper motors which are
computer controlled. The angular resolution of each
axis is 0-001°.

B. X-ray equipment

The radiation source is a Rigaku rotating-anode
generator operated at high brilliance, 12 kW mm™.
It is equipped with a fine-focus gun assembly with
an effective point focus of 0-1x0-1 mm on a copper
anode. The maximum load was 1-2 kW at 50 kV. The
copper radiation was filtered by a 100 wm nickel foil
(B filter), hence the radiation spectrum used consists
mainly of the Cu Ka, and Cu Ka, emission lines.

The divergence of the primary beam should be
made as small as possible, consistent with keeping
the counting rate of the basic reflection high enough.
The divergence, determined by the size of the sample,
by the effective focus size and by the crystal-to-focus
distance (approximately 1 m) for our experiment, is
0-02°.

In order to reduce the absorption in air we placed
a helium-filled tube between the radiation source and
the crystal.

C. Crystals

As non-centrosymmetric test substances we chose
organic structures without heavy atoms: (1) L-
asparagine monohydrate, C,HgN,O,;.H,O, space

detector

Fig. 1. Schematical drawing of the y-circle diffractometer. During
the measurement of the three-beam ¢-scan profile the detector
is set in the horizontal plane (v =0 position).
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group P2,2,2,, cell parameters a =5-582, b=9-812,
c=11-796 A, Z=4, real and imaginary parts of
F(000): F'(000) =%, fi+f; =321, F"(000)=}, f/'=
0-8, linear absorption coefficient & =11cm™' for A =
1-54 A (Kartha & de Vries, 1961); (2) benzil,
Ci14H1002, P3,21 or P3,21, a=8-376, c=13-700 A,
Z =3, F'(000)=331, F"(000)=0-57, u=6-4cm™’
for A =1-54 A (Brown & Sadanaga, 1965).

The crystals were easily grown from solution by
isothermal evaporation. The crystals used for the
measurements were non-cut crystals; their cross sec-
tion varied from 0-2 to 0-4 mm. The habit should be
as nearly spherical as possible. As ut is always below
0-5, there should be no difference in the y-scan
profiles for Bragg or Laue diffraction geometry (Hiim-
mer & Billy, 1982).

D. Experimental procedure

The first step is to find a proper three-beam case
for phase determination. This task has two aspects
concerning the three-beam geometry and the struc-
ture-factor moduli. One has to realize that for Cu Ko
radiation the number of three-beam cases amounts
to approximately 7000 for a unit-cell volume of about
650 A’ rotating the crystal by 360° about a scattering
vector with (sin )/A=0-17A"" and taking into
account that each r.l.v. g traverses the Ewald sphere
twice; it enters (out-in case) and leaves (in-out case)
the Ewald sphere or vice versa. It follows that the
mean angular distance on the ¢ scale between two
three-beam settings is about 0-05°. Fortunately, the
three-beam positions are not uniformly distributed
on the ¢ scale; there are regions of higher and lower
density.

Given the cell parameters, the wavelength, and the
orientation matrix, a computer program calculates
the ¢ angles of all multiple-beam positions for a
selected basic reflection h. For the measurements we
chose three-beam cases for which the angular distance
to the adjacent multiple-beam position is greater than
0-1°.

The second criterion for selecting a certain three-
beam case concerns the moduli of the structure factors
involved. F(h), F(g) and F(h—g) should be approxi-
mately of the same magnitude. This point will be
discussed later in more detail.

The measuring time per step of the -scan profile
must be long enough to attain the required statistical
precision. Generally, for a counting rate of the basic
reflection of about 1000 counts s™', it takes several
hours for one profile. During this time the two-beam
intensity of the basic reflection h must be constant
within 107>, This condition can hardly be met. To
avoid the influence of long-range intensity drift we
use a multiple-scan technique.

The ¢-scan profile is obtained as the sum of several
hundred very fast scans with a measuring time of
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typically 0-5s per step in each run. The total time at
each measuring point is chosen so that the total num-
ber of counts per point is greater than 5x 10°.

The measuring routines are computer controlled.
First the scattering vector h is aligned with the ¢ axis
by a special centring routine. Then the profile of the
h reflection is measured by means of an « scan. The
angular acceptance of the detector is so large that the
detector can be fixed in the 26 position. Next, the
circle is positioned to the maximum of the h-reflection
profile. At this w position the profile of the second g
reflection is measured by means of a ¢ scan. For that,
the detector must be positioned at the direction of
the g reflection by motions in 6 and ». Thus the exact
three-beam ¢ position - the maximum of the g reflec-
tion - can be determined. Then the detector is moved
back into the horizontal plane in which the hreflection
appears and the ¢-scan profile is measured by scan-
ning ¢ about the three-beam position (see Figs. 2a,b).

3. Results and discussion

First of all we want to verify the theoretical results
of paper I as far as the typical -scan profiles near
@ =0, 180, +90° are concerned. Secondly, #-scan
profiles with Aufhellung (decrease) or Umwegan-
regung (increase) effects are discussed with respect
to their phase indication.

All the -scan profiles were plotted in such a way
that they represent an ‘in-out’ scan, i.e the exact
three-beam position is given by ¢ =0; for ¢ <0 the
end point of g lies inside, for > 0 it lies outside the
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Fig 2. (a) Three-beam y-scan profile for a triplet phase of 180°
of L-asparagine: F(022)=17-2, F(031)=29-1, F(011)=23-2;
©(022) = 180, ¢(031) =90, ¢(011) = —=90°. (b) Profile of the 031
reflection by ¢ scanning about the (022) scattering vector. The
detector position is given by 6=26-023, v=11-457°. The o
position is that of the Bragg angle for (022): w =11-782°.
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Ewald sphere. The change of intensity is relative to
the two-beam intensity of the h reflection. The hkl
triples inserted in the diagrams give the coordinates
of the r.L.v. of the primary h and secondary g reflection
(the coupling r.l.v. is given by h—g). The triplet phase
sum @ = @(~h)+¢(g)+¢(h—g) given in the insert
is calculated from the known structure data.

Fig. 2(a) shows a typical three-beam -scan profile
for a triplet phase sum near 180°. The attenuation
and enhancement of the two-beam intensity are nearly
the same size. The angular range of the three-beam
interaction is about 0-06°. The profile of the secondary
g reflection when the r.l.v. g traverses the Ewald
sphere by ¢ scanning about h is shown in Fig. 2(b).
The peak at the left-hand side is due to the Cu Ka,
radiation. Because of the small divergence of the
incident beam the three-beam positions of the Ka, ,
doublet are well separated. It can be seen from the
profile that the crystal is not ideally perfect but shows
some mosaicity.

Undoubtedly, the profile of Fig. 2(a) is governed
by the interference of the direct wave of h and the
Umweg wave of g and h—g. By ¢ scanning through
the three-beam resonance the amplitude of the
Umweg wave is turned on and off continuously, corre-
sponding to the intensity of the g reflection (Fig. 2b),
and the total phase difference between the interfering
waves is shifted by 180°. The total phase difference
is given by the sum of the constant triplet phase @
and the spatial resonance phase A(y) which varies
from 0 to 180° (see paper I) when g traverses the
Ewald sphere from the inside to the outside:
Do) = @+ A(y) with 0 < A(yf) < 180°. Thus, with
@ =180° a destructive interference results for ¢ <0
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Fig. 3. Three-beam ¢-scan profiles for a triplet phase near +90°
of L-asparagine. The two centrosymmetrically related cases
are compared. F(141)=16-9, F(103)=28-7, F(042)=17-9;
@ (141) = 180, ¢(103) = =90, ¢(047) = 0°.

and a constructive one for ¢ > 0, In the case of ¢ =0°
the profile would become inverted with respect to the
three-beam position ¢ =0.

In Figs. 3(a) and (b) typical ¢-scan profiles for
triplet phase sums near £90° are shown. The cen-
trosymmetrically related three-beam cases h/g and
—h/—g are compared; they differ in the signs of their
triplet phases. @ = +90° gives a symmetric attenuation
of the two-beam intensity, @ =-90° a symmetric
enhancement. This behaviour can also be explained
by the three-beam interference. By scanning through
the three-beam resonance the total phase difference
is shifted from +90 to 270° or from —90 to +90°,
respectively. In the exact three-beam position, where
the resonance phase shift is 90°, the total phase
difference is 180 or 0° and at the same time the
amplitude of the Umweg wave has a maximum. Thus
the resultant amplitude has a minimum or maximum,
respectively, which leads to a minimum or a maximum
in the -scan profile.

The foregoing examples show neither pronounced
Aufhellung nor Umweganregung effects. The interfer-
ence effect gives rise to an attenuation or enhancement
of the two-beam intensity of nearly the same magni-
tude. Such profiles are denoted ideal. But when the
intensity of the secondary reflection I(g) is small
compared with the intensity of the basic reflection
I(h) then intensity is removed from the h reflection
and coupled into the g reflection via the coupling
r.L.v. g—h, provided that its structure factor F(g—h)
is not too small. This loss cannot be compensated by
scattering of radiation power from the g reflection
into the h reflection. The result is a typical Aufhellung
effect, i.e. a decrease of the intensity of the h reflection
I(h). The Umweganregung effect occurs when I(g) >
I(h), then I(h) is increased at the cost of the g-
reflection intensity. These effects should be indepen-
dent of the phase relationships and should only
depend on the structure-factor moduli, because they
are due to the conservation of the radiation energy
(Moon & Shull, 1964). The ideal three-beam interfer-
ence profiles occur if the scattering of the h-reflection
beam into the g-reflection beam and vice versa are
well balanced.

A small Aufhellung effect can be seen in Figs. 4(a)
and (b). The attenuation of the two-beam intensity
for @ =90° is nearly 6%, the enhancement for @ =
—90° is only 2%. The Aufhellung effect, —2%, is
superimposed on the interference effect, +4%. So,
adding up, we find the attenuation of the two-beam
intensity is greater than the enhancement. Neverthe-
less an unambiguous phase indication is possible.

Typical Umweganregung effects can be seen in Figs.
5 and 6. In both figures the centrosymmetric pair of
three-beam cases h/g and —h/—g is compared. The
profiles of Figs. 5(a) and (b) can be interpreted as a
superposition of an Umweganregung effect - increase
of intensity - and the ideal three-beam interference
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profile for @ =180°. No striking difference can be
found on comparing the two profiles. Thus, obviously
the Umweganregung effect is almost independent of
the diffraction geometry, for the crystal is oriented
differently to the incident beam in the case of h/g
and —h/—g. In Figs. 6(a) and (b) an example of
strong Umweganregung is shown. The Umwegan-
regung overcompensates the attenuation due to the
interference effect for @ =90° ie the two-beam
intensity is enhanced by about 5%. But for @ = —90°
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Fig. 4. Three-beam y-scan profiles with Aufhellung effect of
L-asparagine. F(220)=23-8 F(023)=22-8, F(203)=275;
¢(220) =0, ¢(023) =180, ¢(203) = —90°.
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Fig. 5. Three-beam y-scan profiles with Umweganregung effect of
L-asparagine. F(200) =154, _ F(102)=25-1, F(102)=25-1;
©(200) =0, ¢(102) =180, ¢(102) =0°.
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an increase of about 13% is measured. Thus, the
phase-independent Umweganregung effect is approx-
imately 9%, the interference effect is £4%. In spite
of that, an unambiguous indication of the triplet
phase can be deduced from the -scan profiles.

The -scan profiles of Figs. 6(a) and (b) were taken
from single crystals of benzil. Benzil crystallizes in
one of the enantiomorphous space groups P3,21 or
P3,21. The phases indicated in the diagrams are
calculated from the structure data consistent with
P3,21 and they coincide with the phases deduced
from the -scan profies. In principle, with this single
measurement the absolute configuration of the struc-
ture can be determined. We investigated benzil mainly
with synchrotron radiation. The results will be repor-
ted in another paper.

4. Concluding remarks

In paper I we discussed the interference effect near
a three-beam position by means of a modified two-
beam approximation (Bethe approximation). We
have only considered the influence of the Umweg
wave on the directly diffracted wave. We have not
considered the fact that each beam scatters into the
other beams and we have not taken into account any
boundary conditions. Therefore, no Aufhellung
effects can be predicted.

Moon & Shull (1964) calculated the intensity
change in a multiple-beam diffraction case by means
of a coupled set of differential equations which have
the conservation of energy as one of the fundamental
hypotheses. Each beam is depleted by scattering into
the other beams and enhanced by scattering from the
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Fig. 6. Three-beam @-scan profiles with strong Umweganregung
effect of benzil. F(134)=17-2, F(142)=29-9, F(012)=42-0;
©(134) = —87, ¢(142) = —63, ¢(012) = —120°.
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other beams into itself. In summary, the intensity
change of the primary reflection caused by the pres-
ence of at least one secondary reflection can be either
positive (Umweganregung) or negative (Aufhellung)
independent of the phase relationships between the
different reflections. It depends only on the structure-
factor moduli. Thus, in a three-beam case these effects
are independent of the triplet phase and we denote
them as phase independent. Moon & Shull (1964)
pointed out that in the limit of low extinction and
weak absorption the intensity change is independent
of the diffraction geometry, i.e. the diffracted beams
can be of either transmission (Laue) or reflection
(Bragg) type or any mixture thereof.

On the other hand it was shown by dynamical-
theory calculations (Hiimmer & Billy, 1982) that in
the limit of weak absorption (gt <0-5) the three-beam
interference effect is also independent of the diffrac-
tion geometry. This criterion was always fulfilled. In
our experiments both the interference effects and the
phase-independent Umweganregung and Aufhellung
effects are independent of the diffraction geometry,
as can be seen in Figs. 5(a) and (b), where the couple
of centrosymmetric three-beam oases have the same
triplet phase. No significant differences of the profiles
can be found.

The experimental results show that in general there
is a superposition of the phase-independent and inter-
ference effects. The phase-independent effects may
predominate over the interference effects if the ratio
of the intensities of the primary reflection I(h) and
the secondary reflection I(g) is too low or too high.
In these cases it is very difficult to deduce any phase
information from the ¢-scan profiles and to distin-
guish +90 and —90° profiles.

It should be pointed out that the discrimination of
triplet phases near +90° by the experiment allows the
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determination of the absolute configuration of a non-
centrosymmetric structure or the determination of the
absolute structure (Jones, 1984) because two enan-
tiomorphic structures differ in the signs of the triplet
phases. In this connection it should be mentioned
that on the basis of a right-handed system of coordin-
ates it is always possible to index all reflections
without knowledge of the absolute structure. Here we
do not agree with Shen & Collela (1986). In the case
of benzil, for example, assuming atomic parameters
consistent with the space group P3,21 would be in
contradiction to the signs of the triplet phases deter-
mined from the experiment. Therefore, for our crys-
tals P3,21 is the correct space group and the absolute
configuration is given by the set of atomic coordinates
consistent with this space group.

For L-asparagine the coordinates of Kartha & de
Vries (1961) are confirmed.

The authors thank Professor H. Burzlaff. The ¢-
circle diffractomer was built according to his pro-
posal. This work was supported by the Deutsche
Forschungsgemeinschaft.
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Abstract

The crystallographic point groups of the four-
dimensional Euclidean space E* are a convenient
means of studying some crystallized solids of physical
space, for instance the groups of magnetic structures

0108-7673/89/020187-07$03.00

and the groups of mono-incommensurate structures,
as is demonstrated by a simple example. The concept
of polar crystallographic point groups defined here
in E*, and also in E” enables the list and the WPV
notation {geometric symbol of Weigel, Phan &
Veysseyre [ Acta Cryst. (1987), Ad3,294-304]} of these
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